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Problem 1

LetS={0,1,+,-}.
(a) Let A = (A, a) be an S-structure and suppose that 0 : A — A is a bijection
such that the following hold:

e o(c?) = ¢ for all constant symbols;

e o(f4ay,...,an)) = fA(c(a1),...,0(ay)) for all n-ary function sym-
bols fand all ay,...,a, € A;

e R4y ---a, <= Ro(ay)---0o(ay,) for all n-ary relation symbols R and
ai,...,a, € A.

Show that if Q C A" is a relation that is definable in A then Qa; - - - a, <—
Qo(ay) - --o(ay). (Hint: isomorphism!)

(b) Show that the binary relation < is definable in R (where we interpret
0,1,+, - as usual).

(c) Show that the binary relation < is definable in Z (where we interpret
0,1, +, - as usual). (Hint: use Lagrange’s four-squares theorem.)

(d) Show that the binary relation < is not definable in Q(1/2), when we inter-
pret 0,1, +, - as usual. (Hint: consider the map ¢ that sends a + b2 —
a—by2forabe Q)

Solution. (a) (b) Leti : R — R be the function satisfying a +i(a) = 0: that is the
additive inverse function. Now consider ¢ € L° to be given by

¢ =3I (vl +i(vg) =r* Ao = O])

Written in the the context of R we have v; — vy = r? and hence ¢[a,b] = b —a = 2.
Hence we’ve found a formula that holds in R if and only if 4 < b. More formally we
have AF ¢[a,b] < a < b.

(c) Leti : Z — Z be the function satisfying a + i(a) = 0: that is, it’s the additive
inverse function. Consider ¢ € L° to be given by

¢ = Jag Jay Jay Jaz (v +i(vy) = a3 + a2 + a3 + a3).

Then for ¢ to be true, we must have v +i(vg) = v1 — vo be a positive integer. Written
differently, A E ¢[a,b] <= a < band hence < is definable in Z.

(d)
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For the following we work with a first order alphabet with a binary relation R, a
binary function f, an (r 4 1)-ary function g (where r is a nonnegative integer),
and a constant symbol c. Write all of the formulas below in terms of formulas not

involving substitutions.

(a)
[Vvoﬂvl((Rvovl A Ri)ovz) V E’szvzvz = ’00)] z_gfva;l
(b)
[(FuVov1 fevy = vy — Yoo foavg = )] ﬁ%ﬁg—flz—z
(©)
[(vg = v1 A VogR frav10)] %
(d)
[VooVo1 -« - Vo, (09 = 0,41 AV = Vpqp A -+ - AUy = Uppiq
— gUy Uy = )] vfﬂﬁrz
(e)

[Vvoﬂvofvovo = C] fvaOvo

Solution. (a) (b) (c) (d) (e)
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Let S be a first-order alphabet with a binary function symbol f and a unary
relation symbol R. Let ¢ and ¢ be formulas in £° in which x, y are free variables
with x # y. Give formulas involving ¢, ¢, variables, symbols from S, (, ),
V,3,A,V,—, <+, 1, and substitution that say the following when interpreted in a
domain of discourse J = (4, a, B):
(a) There are at most three values of 2 in A for which we do not have J % F ¢.
(b) For every value a € A such that J % = ¢ there is some b € A such that for
allc € A, if J45 =y then T2L E ¢,
(c) There is some a € A that is in the image fA: A2 —» Aand someb € R4
such that 7% F ¢ and j% F .
(d) If there exists some a € A such that J % F ¢ then there is some b € A such
that 72 & ¢.
(e) If there is some a € A and some b € A such that J %5 F ¢ then for every
cE Awehavej%i E ¢.

Solution. (a) (b) (c) (d) (e)
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