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Distinguishing between pairs of qubit states.
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Problem 1 ]_ ________________________________________________________________

Solution. (a) To best ditinguish between these two states we will apply Rg with 6 =
Under this transformation the two states get transformed as follows.

cos 6 1 [cosf —sin@
Rp[0) = {sin@} Rol+) = V2 Los@ + sin()}

Under this transformation, we have the following probability table.

Probability of measuring state

0) | 1)
Ry |0) cos?0 ~ 0.85 sin? 6 ~ 0.15
Rg|+) | 2(cos® —sin)* ~ 0.15 | 1(cos@ +sin)* ~ 0.85

This leaves us with an overall success probability of 85%.
(b) Here we will make a clockwise rotation of 15° which we will do with Ry with
6 = —1{5. Under this rotation the states are transformed as follows (using [¢)) =

—310) + @ |1) for notational convenience).

_ |cost —1 [cos® + /3sin6
Re[0) = {sin@} Rolw) = [sm(? V3 cos 9}

With these transformed states we can now evaluate the success probabilities given each
state as above.

Probability of measuring state
0) | 1)
Rg |0) cos? 6 ~ 0.93 sin? 6 =~ 0.07

Ro ) T1<c059+\/§sin9>2'%0.07 T1<sin9—\/§c059>2

So here our overall success probability would be 93%. Pretty solid I do say.

(c) These points are anti-podal on the Bloch sphere, and hence orthogonal, which
means they are perfectly distinguishable. To find the unitary transformation U that
allows us to measure the state in the computational basis, we need it to satisfy the
following two equations.

~ 0.93
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These two equations are equivalent to the following two matrix equations.
L a b||1] |1
V2 |c d][i 10
1 fa b|{1]_|0
V2 |c df |- 1
With the matrix written this way we have 4 equations with 4 unknowns. Solving for U

gives us
11 —i
u-2h 7

This transformation maps our two states to the computational basis which allows us to
measure and distinguish perfectly between the two states and hence have 100% success
probability.
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roblem 2 ] .................................................................

Product states versus entangled states.
(@) 3100) +5[01) + 5 |10) — 5 |11)
(b) 3 |00) +3[01) — 3 [10) — 3 [11)
(©) —100) + —=101) + = |10)

...........................................................................

e | O

Solution. For this problem we will use the fact that the tensor products of two general
single qubit states is B |00) + aopB1 |01) + a1B0|10) + a1 [11).
(a) With the above formula we have the following four equations.

xoBo = % (1)
xop1 = % 2
wpo = ®)
a1p1 = —% (4)

Now if we divide eq. (1) by eq. (2) we get Bp = B1 which we will call B. Dividing eq. (3)
by eq. (4) yields % = % = 1 = —1. With this we can conclude this state is not a
possible product state and hence an entangled state.

(b) The following tensor prodduct gives rise to the desired state which tells us the

state is a product state, not an entangled state.

1 1 1 1 1 1 1 1
(510 -5 ) @ (510 + 5 1)) = 3100} + 3 lon) — 3110) — 5 11

(c) Given the |11) term is nonexistent, we know a181 = 0. This implies #; = 0 or
B1 = 0. If this was the case then either the a1 |10) term would be 0 or the a¢B1 |01)
term would be zero. This is not the case so we conclude this is an entangled state.
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