Advanced Quantum Theory Homework 1

Name: Nate Stemen (20906566) Due: Fri, Sep 18, 2020 11:59 AM
Email: nate.stemen@uwaterloo.ca Course: AMATH 673

[ Exercise 1 ] .................................................................
' Prove {c, f} = 0. :

Solution. The antisymmetry of the Poisson bracket allows us to equivalently prove

{f,c} =0.

{f,c} ={f,Ve}ve+ Ve{f Ve}
SNATAG:
—-2ye{ Ve, f}
= —2{c.f)
= 2{f,c}

Since we now have {f,c} = 2{f,c} we can subtract {f,c} from both sides to obtain

{f,c} =0.

xercise 2 ] .................................................................
Show that {f, f} = 0 for any f. :

[

S

Solution. Again using the antisymmetry axiom we cansee { f, f} = —{f, f} and hence
adding {f, f } to both sides we obtain {f, f} = 0.

Assume that 7 is a positive integer.
(a) Evaluate {xy, p}}
(b) Evaluate {x/, p;}

[ Exercise 3 ] .................................................................
i

Solution. ?? Iwill use a proof by induction to prove {x1, pi'} = (2p)"~!. Starting with
the base case of n = 1. Then we have {x1,p1} = (2p)? = 1 which agrees with the
definition of the Poisson bracket for position and momentum. Assuming the formula is
true for n we will show it’s true for n + 1.

{7 Pt = (o pipy+ i, pl)
=2p1{x1, p1}
=2p1(2p1)"!

_ (2p1)n _ (2p1)(n+1)—1

?? I know this is no longer part of the homework, but I did it before the changes
were made, so I figured I would leave it in.
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Here we will use the fact that {fg,h} = {f, h}g+ f{g h} which can be derived
from the product rule as follows.

{fg h} =—{h fg}
=—{h f1g—f{h g}
= {f, htg+ f{g h}

Again I will use proof by induction to prove {x4, po} = nxj~!. Starting with the base
case of n = 1. Then we have {xp, pp} =1- xg = 1 which agrees with the definition.
Assuming the formula is true for n we will show it’s true for n 4 1.

{0, po} = { poba + ¥ {2, 2}

n—1 n
= <nx2 >x2 + x5
= nxy + x5

= (n+1)xl = (n+1)x" D1

[ Exercise 4 ] .................................................................

\ Verify {—2p1,3x2 4+ 7p% — 2x3p3 4+ 6} = 12x;.

-

Solution.

LHS = —2{p1,3x% +7p3 — 2x5p7 + 6}
0
= —2<3{P1,X%} +7/{/g1,/ﬁ§/}/ —2{P1,X§P?} +WO>
0 0
= —2<—6X1 —2<M}/ P%"‘x%/{ﬂlz/ﬁ{}/ ))

= 12X1

[ Exercise 5 ]

| Show that the Poisson bracket is not associative by giving a counterexample. :

.................................................................
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Solution. If the Poisson bracket was associative it would mean the following: {f, {g,h}} =
{{f, g} h} for f, g h polynomials in x;, p;. Take f = p?, ¢ = x1, and h = p;. We can
then evaluate both sides to see this does not hold.

L6t — 8 )} = {151} —0
RHS = {{P%le},lﬂl} ={-2p,m}=1

Hence the Poisson bracket is not associative.
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[ Exercise 6 l ................................................................ .
' Look up and state the axioms of

: (a) aLie algebra

E (b) an associative algebra

(c) a Poisson algebra

___________________________________________________________________________

Solution. ?? A Lie algebra is a vector space g equipped with bilinear map (called a Lie
Bracket) [-, -] : g X g — g which is anticommutative ([x, y] = —[y, x]) and satisfies the
Jacobi Identity.

oy 2l +ly [z adl + [z [yl =0 Vxyzeg

?? If R is a commutative ring, then an associative algebra is an R-module V' together
with a bilinear map V x V' — V that is associative and has an identity.

?? A Poisson algebra is a vector space equipped with two bilinear products — - — and
{-,-} such that

e — . — forms an associative algebra,
e {.,-} is antisymmetric, obeys the Jacobi identity and forms a Lie algebra

e The Poisson bracket {-,-} actsas {x,y -z} = {x,y} -z+y-{x,z} forall x,y,z in
the Poisson algebra.

[ Exercise 7 ] .................................................................
' Prove that both methods of calculating f yield the same result.

___________________________________________________________________________

Solution.
% = ¢h+ gh
={g H}th+g{h H}
= —({H,g}th+g{H, h})
= —{H, gh}

= {gh H} = {f, H}

[ Exercise 8 ] .................................................................

+  Use the Jacobi identity to prove that
| d ) _
| glfet={fe+{f.8}

___________________________________________________________________________
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Solution.

S8 = ({8 H)
=—{H,{f.g}}
={f {8 H}} +{8{H, f}} (Jacobi identity)
={f.&}+{s—f}
={f.g}+1{f.&}

[ Exercise 9 ].

i Show that if H is a polynomial in the positions and momenta with arbitrary (and
possibly time-dependent) coefficients, it is true that <5+ dH = aalj

Solution.

oHdx oHdp oJH
atrt) =5 Y opar T or
9H . 9H . 9H
R TRREF LT
| 9HOH 9HoH oH
“xap opox ot
 9H
oot

[ Exercise 10 ]

. Show that the total momentum is conserved.

___________________________________________________________________________

Solution. To show pfl) + pl(z) is conserved for all i we will show it’s time derivative is

0 by taking it’s Poisson bracket with the Hamiltonian.
d o, @ L, @
&(Pi +p; )Z{Pi +p; ,H}

2
= { fl) + 7952), g Z (x](-l) — x](z)) }

p
]

2

S ) }
2 2

= A (0] 2 {p0 A 0n ) 4 (2, 7] a0
_k (1) (2) @ (1)
_5[ 2x M 425 — 2y +2x]
—0

With this, and the fact that has no explicit time dependence, we can conclude that
momentum is conserved.
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[ Exercise 11 ]. ...............................................................

Use the derivative definition of the Poisson bracket to evaluate {x8p®, x3p*}. E

___________________________________________________________________________

Solution.
(et = 2 (59) 55 (29°) = o () 3 ()

= <8x p6> (4x3p3> — (6x8p5> <3x2p4)
= 32x'%° — 18x'%p°
— 14110

[ Exercise 12 ]

. Show that the derivative definition of the Poisson bracket is indeed a representa- E
tion of the Poisson bracket defined by the axioms. :

___________________________________________________________________________

—~—
~
OQ
——

I
1=
e

Y
QJ

of dg _ 9of 38)

i(r) apz(r) apz(r) angr)

_ vy (98 9f  9g of
__Z§< () 51 gyl

ax( ) op,”  9p;

Second, linearity.

Cw (o) ag alef) ag
{Cf'g}_zz<a (r) (r)_ (f)a (V)>

X;

Third, the addition rule.

no3 of d(g+h) af d(g+h)
{f, g+h}—ZZ<ax o) apfr) 20 )

r=1i=1 ;
g 8f8g_8f8g+8fah_8fag
CAE o apax  axap”  ap ax )

)»
i(af 9y af Bg>+ii<8f oh  of ag>
= dx!

= Yap”apox" ) A \axTapl”  apl” ox)”
{f.8y +{f 1}



Advanced Quantum Theory Homework 1 Nate Stemen

Fourth, the product rule.

ax apl” ap)” ax]

(o [ag on ] or [ ag oh
—2.2< [ "8 W T 5,0 [0 T8

E)xi(r) ap, ap, ap, ax")

1 i
n 3. [ of og of ag)
=hzz( % f %
L\ 507~ 302l

w3 (of on  af on
8 ZZ( 77~ 5,00 50

af agh)  of a(gm)
(1) 350

r=1i=1 axf’) ap, ap; ;
= {f, gth+g{f, n}
Fifth, six, and seventh: the rules for positions and momenta.
1 @ 0
n (r \S (r) x
{xgr)/p(s)} _ Zi ax/ op;  ax," 9p;
F r=1i=1 %1@ ap§’> o7 ax§”
n 3
=YY 6ijds,
r=1i=1
= i,j(ss,r
0
(1) 9x (Y 9xl®)
{x(r),x(s)} _ Z i ox; 0x dx 8x]
A o o axl(r) pl(r) pl(r) axl(r)

[ Exercise 13 ] ................................................................
Find the representation of the Hamilton equations :

............................................................................
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Solution. We start with eq. 2.21 and eq. 2.22 and then use those results for eq. 2.19.

a i i’
0
B Zaxf” oH Bx(r)
s oxMop™ ot oxl
oH
- 251',]'51’,5 (S)
5] Ip;
oH
i) = —5
Ip;

H
- 251,]57‘ S (S)
S,j x]'
() _ oH
P ax")
d
S-ppm+
of oH B of oH %
y axi(r) apl@ apl(r) ox (”) ot
of (v 0
I i 1
ri OX; apl

Which is exactly the chain rule for a function f(x(l), o, xm) p(l), ceey p(”), t).



